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ABSTRACT 

The study of boundary layer flow has gained the interest of researchers as the ability 

of fluid flow on increasing machines productivity. This study presents the analysis and 

discussion of various conditions of boundary layer flow with dusty nanofluid. This 

research discusses two problems where dusty nanofluid flow over stretching surface 

with partial slip effects and towards stretching/shrinking sheet with heat and suction. 

The analysis involves three types of nanoparticles namely copper (Cu), aluminium 

oxide (Al2O3) and titania (TiO2). Hence, the effect of the volume fraction of 

nanoparticles has been examined besides the volume fraction of dust particles, velocity 

slip, and thermal slip. Meanwhile, the second part is to study the effect of parameters 

namely stretching/shrinking sheet, suction, and heat generation/absorption. The 

governing equations for both problems were transformed into non-linear ordinary 

differential equations using similarity transformation, which were then numerically 

solved using the boundary value problem solver, bvp4c program of MATLAB R2019b 

software. The parameters involved were computed, analysed, and discussed. The 

numerical solutions for skin friction coefficients, local Nusselt number, velocity and 

temperature profiles are presented graphically. In addition, a comparison of present 

results with the existing study has achieved excellent agreement. It was found that 

nanoparticles act with good thermal conductivity. Besides, Al2O3 and TiO2 showed 

significant effects on the velocity of fluid and dust phases. Suction enhanced heat 

transfer rate while minimising momentum and thermal boundary layer. Furthermore, 

the heat transfer rate improved by heat generation and absorption over the stretching/ 

shrinking sheet.  
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ABSTRAK 

Kajian aliran lapisan sempadan menarik minat para penyelidik kerana kemampuan 

aliran bendalir yang mampu meningkatkan produktiviti mesin. Kajian ini 

membentangkan analisis dan perbincangan pelbagai syarat terhadap aliran lapisan 

sempadan dengan bendalir nano berdebu. Penyelidikan ini membincangkan dua 

masalah iaitu aliran bendalir nano berdebu di atas permukaan meregang bersama 

kesan gelinciran separa dan terhadap kepingan meregang/mengecut bersama haba dan 

sedutan. Analisis melibatkan tiga jenis zarah nano iaitu tembaga (Cu), aluminium 

oksida (Al2O3) dan titania (TiO2). Justeru, kesan bagi isipadu zarah nano dikaji 

disamping isipadu zarah-zarah debu, gelinciran halaju dan gelinciran haba. Sementara 

itu, bahagian kedua adalah kajian tentang kesan-kesan parameter seperti kepingan 

meregang/ mengecut, sedutan dan penghasilan/penyerapan haba. Persamaan 

menakluk bagi kedua-dua masalah ditukar menjadi persamaan pembezaan biasa tidak 

linear melalui penjelmaan keserupaan yang kemudiannya diselesaikan secara 

berangka menggunakan penyelesai masalah nilai had, program bvp4c yang terdapat di 

dalam perisian MATLAB R2019b. Parameter-parameter yang terlibat dikira, 

dianalisis dan dibincangkan. Hasil berangka bagi pekali geseran kulit, nombor Nusselt 

tempatan beserta profil-profil halaju dan suhu dipersembahkan dalam bentuk graf. 

Tambahan lagi, perbandingan antara kajian terkini dengan hasil kajian sedia ada 

mendapati terdapat persamaan. Kajian ini mendapati bahawa zarah nano bertindak 

dengan terma konduktiviti yang baik. Selain itu, Al2O3 dan TiO2 menunjukkan kesan 

yang ketara pada halaju bagi fasa bendalir dan debu. Sedutan meningkatkan kadar 

pemindahan haba sambil meminimumkan lapisan sempadan momentum dan haba. 

Selain itu, kadar pemindahan haba bertambah baik dengan penghasilan and 

penyerapan haba pada permukaaan meregang/mengecut.  
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CHAPTER 1 

INTRODUCTION 

1.1 Research background and rationale of study 

The study of fluid mechanisms is crucial to understanding the flow of every motion. 

Fluid is defined as a substance that deforms to continually flow under applied shear 

stress ignoring molecular effects (Kraus, Welty & Aziz, 2011). Liquids and gases are 

categorised into the fluid system as both states can easily be deformed and can fill a 

volume of any container either by force or pouring.  

 Meanwhile, non-fluid solid can resist applied shear stress and eventually stop 

deforming at some fixed strain angle. Solid, liquid, and gas are known as single-phase 

flow, while multi-phase flow is the combination of two or more phases that co-exist 

in motion. The difference between the matters can be differentiated by their 

thermodynamic state called phase or multiple chemical components (Kraus et al., 

2011). 

 Scientists have brought forward the technology of hydrodynamic to another 

level along with technological changes. To compete in today's modernisation, 

industries create more advanced and high-quality mechanisms to fulfil demands. 

Hence, engineering functional systems involving nano-sized materials known as 

nanotechnology had gained the attention of researchers since decades ago. Since then, 

various new materials and mechanisms have been designed regarding the nano-sized 

concept. 

 Nanofluid is known as a single-phase flow fluid containing particles with an 

average size below 100 nanometers (nm). The nanoparticles are usually made of 

metals, metal oxide, carbides, or carbon nanotubes with common base fluid either 

water, ethylene glycol or oil then mixed to form nanofluid. Since the beginning of the 
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20th century, nanotechnology becomes the main topic in computational fluid dynamic 

studies.  

 Nanofluid is called a smart fluid as its heat transfer can be reduced or enhanced 

at will. They are very stable elements and carry non-Newtonian behaviour. Problems 

such as sedimentation, erosion, and pressure drop can be avoided due to the tiny size 

and low volume fraction of nano-elements based on Bachok, Ishak & Pop’s (2011) 

study. Hence, the thermal and transport properties of the fluid flow can be altered due 

to the suspended nanoparticles.   

  The combination of fluid and solid particles is considered as two-phase flow, 

hence introducing the study of dusty fluid. Dust particles are referred to as impurities 

that may exist in a fluid. Researchers such as Manjunatha, Gireesha & Bagewadi 

(2012) and Sulochana & Sandeep (2016) have shown interest in dusty flow as the 

results of experiments showed good outcomes to improve the thermal conductivity of 

fluid and heat transfer rate.  

 However, researches have covered on the multi-phase flow of dusty nanofluid 

with milli- or micrometre-sized dust particles as impurities mixing into a base fluid of 

nanoparticles. There are a lot of journals and researches proved that dusty nanofluid 

flow would bring advantages towards the study of fluid dynamic. For example, 

researches by Naramgari, Sulochana & Kumar (2016) and Siddiq et al. (2018). The 

outcome ensures an increase in thermal conductivity and provides an effective way to 

significantly improve their heat transfer characteristics. 

 Industries especially in the manufacturing process emphasise the type of 

surface to create products. Therefore, there are several studies considered on 

stretching/shrinking sheets either horizontally or vertically and rotating stretchable 

disks. A few applications to be mentioned are manufacture wire drawing, extrusion of 

polymer, glass blowing, electric-power generating system, and air cleaning machines.  

 According to Bachok et al. (2011), the rate of heat transfer at the surface will 

determine the quality of final products. Hence, the involvement of heat transfer 

characteristics by the surface will affect the outcomes of products. For example, wire 

drawing is a metalworking process used to reduce the cross-section of a wire by 

pulling it through a series of dies (Kastner, 2013).  

 The characteristic of metals' shape can be changed as the temperature rises 

according to required diameters. Technology has allowed machines to be more 
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effective in mass production. Thus, researchers studying metallurgy have improved 

the machines in creating wires with vary of diameters. This shows how a surface with 

velocity, either being stretched or shrunk, becomes a variable to be analysed through 

this research.  

 The development of the manufacturing industry proves that the studies on 

nanomaterials are crucial as they are impossible to be neglected or avoided. Some of 

the applications are related to the industry of aerodynamics, material process, glass 

industry, and industrial thermal management. Due to their effectiveness of thermal 

conductivity, nanomaterials with based fluid and inclusion of impurities have huge 

advantages towards science and technology. 

1.2 Problem statement 

Most conventional heat transfer fluids, such as water, ethylene glycol, and engine oil 

have limited capabilities due to low thermal properties. Meanwhile, most metal solids 

have a higher value of thermal conductivity than fluids. Then, it is expected that fluid-

containing metal solid particles may significantly increase their conductivity (Bachok 

et al., 2011). The fluid contains solid particles known as nanofluid have garnered much 

attention from researchers due to demands and application of nanotechnology.  

However, many studies consider nanofluids as free of impurities. In reality, 

fluid contains impurities including dust particles, known as dusty nanofluid which will 

affect fluid flow. The inclusion of dust particles will alter the fluid flow as expected 

to improve heat transfer and thermal conductivity in machines’ productivity. Hence, 

the study will focus to investigate the boundary layer flow and heat transfer of dusty 

nanofluid. As consideration for other real-life situations, factors such as heat 

generation/ absorption, stretching/shrinking sheet, suction, and partial slip effects are 

taken into account.  

1.3 Research objectives 

This study aims at solving the boundary layer flow of dusty nanofluid with various 

conditions. The objectives are: 
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i. To modify a mathematical model for the related problem. 

ii. To reduce the partial differential equations into ordinary differential equations 

using similarity transformation. 

iii. To obtain numerical solutions by developing computational programming 

through bvp4c in MATLAB R2019b. 

iv. To analyse the dimensionless physical parameters' effects such as volume 

fraction of dust particles, the volume fraction of nanoparticles, velocity slip, 

thermal slip, stretching/shrinking, heat generation/absorption and suction on 

velocity, temperature, skin friction coefficient, and local Nusselt number. 

Therefore, the objectives would be achieved through two problems: 

1. Boundary layer flow of dusty nanofluid over a stretching sheet with partial slip 

effects. 

2. Dusty nanofluid flow over the stretching/shrinking sheet with suction, heat 

generation/source and heat absorption/sink. 

1.4 Scopes of study 

This study is limited to: 

i. Two-dimensional horizontal permeable sheet.  

ii. The study will be on incompressible and steady boundary layer flow. 

iii. The surface studied in this research is a sheet with stretching and shrinking 

ability of motion. 

iv. This research comes forward to analyse the Tiwari-Das model regarding the 

volume fraction of nanoparticles' influence on boundary layer flow. 

v. The dust particles involved are in spherical shape, uniform size and equally 

distributed in a water-based nanofluid. 

vi. The suspension of particles namely copper (Cu), titania (TiO2), and aluminium 

oxide/alumina (Al2O2) with spherical shape of nanometer-sized. 
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1.5 Significance of study 

The significances of this study are: 

i. This research shows a study on the effectiveness of fluid flow that can improve 

the heat transfer rate in a machine or mechanism. Since the study of nanofluid 

has gained the interest of researchers, especially among the previous five years, 

this study includes dust particles mixed in the fluid as the flow can be useful 

for future research.  

ii. This study discusses a surface with the ability to stretch and shrink, which will 

affect fluid motion. The research on fluid flow over stretching/ shrinking sheets 

will bring advantages to be applied in industrial processes and benefit the 

future, especially in fluid dynamics scope. This research gets interesting as 

external factors such as slip effects, suction, and heat are also included. 

1.6 Thesis outline 

The study of heat transfer characteristics for fluid dynamic consist of six chapters. 

This thesis is divided into three parts. The first part involves the discussion of fluid 

properties, reviewed articles and mathematical models in chapters 1, 2 and 3, 

respectively. Meanwhile, the main research of related problems is deliberated in 

chapters 4 and 5. Lastly, Chapter 6 presents the third part on conclusion for the whole 

research.  

 Chapter 1 is an introductory chapter with a brief explanation of fluid properties. 

Dust particles that are considered impurities embedded into nanofluid are also 

discussed in the chapter. In addition, the characteristics of boundary layer wall that 

plays a role in heat transfer are deliberated. This chapter also includes the problem 

statement, scope of the study, significance of the study and thesis outline. 

 Chapter 2 reviews past researches related to the current study. These articles 

were cited as references to guide the research and study the thermal conductivity of 

boundary layer flow. This chapter reviews articles related to nanofluid, dust particles, 

and stretch/shrink sheets. Factors considered in boundary conditions are also discussed 

such as heat generation/absorption, partial slip effects, and suction. 

PTTA
PERP

UST
AKA
AN 
TUN
KU T

UN 
AMI
NAH



6 

 

 

 Chapter 3 discusses the development of the mathematical model. To 

understand the fundamental of fluid flow, this chapter shows the governing equations 

of boundary layer flow consisting of three principles, namely conservation of mass, 

momentum, and energy. To adjust the governing equations with considered problems, 

a few assumptions have been made. Moreover, the bvp4c program in MATLAB 

R2019b software was used to obtain the numerical solution.  

 Two different boundary layer problems are developed and discussed in 

chapters 4 and 5. As the governing equations of the two-dimensional boundary layer 

are obtained from Chapter 3, few conditions are applied related to the problems, 

especially towards the boundary conditions. The analysis of results is on velocity fluid, 

temperature fluid, skin friction and heat transfer rate near the surface.  

 Chapter 4 develops the first problem of this study on dusty nanofluid flow over 

stretching sheets. The non-dimensional parameters considered are the volume fraction 

of nanoparticles and dust particles. Besides, there are two types of slips that appear at 

the surface to be investigated namely velocity and thermal slip. The study discusses 

three types of nanoparticles namely copper (Cu), titania (TiO2), and aluminium oxide/ 

alumina (Al2O2). 

 Besides, Chapter 5 explains the study of dusty nanofluid flow over stretching 

and shrinking sheets. Since the surface can elongate and shrink, the results will be 

different from Chapter 4. The non-dimensional parameters taken into account are 

stretching sheet, shrinking sheet, heat source, heat sink and suction. The chapter also 

examines the three types of nanoparticles.  

 As of conclusion, Chapter 6 presents an overview of related boundary layer 

flow’s study. The fluid flow has shown various reactions by the effects of the 

parameters and different types of nanoparticles. Surfaces with two different 

mechanisms also play a role. In addition, the study also proposes a few suggestions 

for the future research of boundary layer flow. 
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CHAPTER 2 

LITERATURE REVIEW 

It is important to review other existing studies regarding the topic of dusty nanofluid 

over the stretching/shrinking sheet as well as factors that may affect the flow. This 

review will bring significant knowledge and information to the project. Hence, the 

objective of this chapter is to survey previous investigations that had been carried out 

among other researchers to gain more information related to the project. 

2.1 Nano-sized particles in based fluid 

The nanofluid term was introduced by Choi & Eastman (1995) as a new class of 

engineered fluids. The fluids were created with a high value of thermal conductivity 

on suspension of metallic particles with an average size of 10 nanometers (nm) in 

industrial heat transfer fluids. Nanofluid possesses superior properties compared to 

conventional heat transfer fluids or fluids filled with micrometre-sized particles (Choi 

& Eastman, 1995). This is owing to the heat transfer that most likely takes place at the 

large surface area of nanoparticles. With the discovery, analysts have focused their 

attention and found that this type of fluid is more efficient in solving thermal problems 

such as overheating in gadgets, cars, and electronic circuits. Nanofluid has advantages 

with minimal clogging inflow passages, long-term stability, consistency, and high 

thermal conductivity according to Krishnamurthy et al. (2016). 

 In early 2000, there are just a few research related to nanofluid. Xuan & Li 

(2003) have built an experimental system to investigate convective heat transfer and 

flow in a tube. The researchers discovered that under the same Reynold number, 

nanofluid has a larger heat transfer coefficient than that of the base fluid. Likewise, 

the study of Oztop & Abu-Nada (2008) obtained the same result where the increase of 
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volume fraction of nanoparticles influenced heat transfer. Besides, copper-

nanoparticle had shown the highest heat transfer enhancement when compared to 

alumina and titania. Research by Bachok et al. (2011) also acknowledged the results 

in which copper-nanoparticle has the highest values of local Nusselt number and skin 

friction coefficient compared to others. From the observation, the type of nanoparticles 

is also key to heat transfer enhancement. 

 Yacob & Ishak (2012a) and Aurangzaib et al. (2016) studied micro-sized 

particles embedded in the fluid. The studied micropolar fluid dropped the heat transfer 

rate at the boundary and the thermal boundary layer became thicker. This shows that 

replacing micro-sized with nano-sized particles can bring great advantages towards 

the technology of fluid dynamics. Animasaun et al. (2017) has analysed the 

magnetohydrodynamic (MHD) mixed convection stagnation-point flow of nanofluid 

embedded with dust particles, which was solved numerically by the Runge-Kutta 

based shooting method. Until recent years, the researches have expanded and the 

method of solving has also improved. A numerical study on nanofluid flow along an 

exponentially stretching surface has been solved utilising the Quasilinearization 

technique as well as the implicit finite difference scheme by Patil, Kulkarni & 

Hiremath (2020). The outcome had determined that the appearance of nanoparticles 

could enhance the skin friction and reduce the heat transfer rate from the hot wall to 

the cold fluid.  

2.2 Dust particles in fluid 

The inclusion of dust particles promotes heat transfer characteristics towards the flow. 

The analysis of two-phase fluid with the presence of impurities has been widely 

applied. For instance, environmental pollution, sedimentation, and blood rheology. 

Vajravelu & Nayfeh (1992) carried out a study to investigate the accumulation and 

impingement of the particles on the surface. The researchers analysed the dusty fluid 

flow on hydromagnetic and discovered that numerical solution has a close agreement 

with the analytic solution. Meanwhile, Awartani & Hamdan (1999) discussed the 

possible geometries for the effect of permeability surface on dusty fluid flow. The 

research had concluded that possible flows are in parallel straight lines and radial only.  
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