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ABSTRACT

The goal of this study was to evaluate the goodness-of-fit of the alternate
probability distributions to sequences of the annual maximum stream flows in the
East Malaysian states of Sabah and Sarawak. We will never know with certainty,
the actual amount of rainfall that will occur in the future. So a statistical analysis of
this nature can provide guidance on which probability distributions can give
reasonable approximation. Basically, this study is a statistical analysis on extreme
annual rainfall series in East Malaysia. It will discuss the comparative assessment
of eight candidate distributions in providing accurate and reliable maximum rainfall
estimates for East Malaysia. The models considered were the Exponential (EXP),
Gamma (GAM), Generalized Extreme Value (GEV), Generalized Logistic (GLO),
Generalized Pareto (GPA), Gumbel (GUM), Pearson Type I1I (PE3) and Wakeby
(WAK). Annual maximum rainfall series for one-hour resolution from a network of
ten Principal Gauging Stations located five each in Sabah and Sarawak were
selected for this study. On top of that, data for the fifteen-minutes were also taken
for analysis to act as a check to the result. The length of rainfall records varies from
seventeen to twenty-one years. Model parameters were estimated using the L-
moment method. The quantitative assessment of the descriptive ability of each
model was based on using the Probability Plot Correlation Coefficient (PPCC) test
combined with Relative Root Mean Squared Error (RRMSE), Root Mean Squared
Error (RMSE) and Maximum Absolute Error (MAE). Ranking of PPCC in
descending order and the other three criteria on ascending orders were taken and the
top three distributions from the ranking for each station were chosen. The GEV
distribution came out on top that occurs frequently on most of the stations is
selected as the best fitting distribution to describe the extreme rainfall series for East
Malaysia.



ABSTRAK

Tujuan utama kajian ini adalah untuk menilai ujian cocokan kuantitatif bagi
setiap taburan kebarangkalian yang terjadi bagi taburan hujan makmimum di Sabah
dan Sarawak. Kita tidak akan mengetahui dengan tepat berapa amaun hujan yang
akan turun di masa akan datang jadi kajian statistik seperti ini perlu dijalankan untuk
memberi sedikit sebanyak panduan tentang taburan kebarangkalian yang mana
sesuai digunakan. Ini adalah merupakan kajian statistik untuk taburan hujan
maksima di Malaysia Timur dan akan membincangkan mengenai penilaian ke atas
lapan calun taburan frekuensi didalam memberikan anggaran yang tepat. Calun-
calun untuk model taburan frekuensi tersebut adalah terdiri dari Exponential (EXP),
Gamma (GAM), Generalized Extreme Value (GEV), Generalized Logistic (GLO),
Generalized Pareto (GPA), Gumbel (GUM), Pearson Type I1I (PE3) and Wakeby
(WAK). Siri taburan maksima hujan tahunan untuk sela satu jam dari sepuluh tolok
rakaman hujan automatik yang terletak lima di Sabah dan lima di Sarawak
digunakan untuk kajian ini. Disamping itu dat untuk sela lima belas minit juga
digunakan sebagai semakan. Rekod untuk taburan hujan adalah selama antara tujuh
belas hingga dua puluh satu tahun. Anggaran parameter model adalah berasaskan
Kaedah momen-L manakala ujian cocokan kuantitatif untuk menilai keupayaan
diskriptif setiap model adalah berasaskan ujian Koefisien Korelasi Plot
Kebarangkalian (KKPK), dan tiga kriteria kejituan yang lain iaitu ralat Relatif Punca
Min Kuasa Dua (RRPMKD), ralat Punca Min Kuasa Dua (RPMKD) dan Sisihan
Mutlak Maksimum (SMM). KKPK diatur dalam susunan menurun manakala ketiga
kriteria yang lain diatur dalam aturan meninggi, dan tiga taburan frekuensi yang
teratas bagi setiap stesyen akan diambilkira sebagai calun terbaik. Dari analisa yang
dijalankan bagi kajian ini, didapati bahawa taburan GEV adalah lebih sesuai dipilih
sebagai taburan frekuensi untuk siri hujan ekstrim bagi Malaysia Timur.
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CHAPTER1

INTRODUCTION

1.1  Background

After five decades, the field of statistical hydrology continues to evolve and
remains a very active area of investigation. Researchers continue to examine
vanous distributions, methods of estimation of parameters, and problems related to
regionalization. However, much of this material appears in journals and reports and
usually in a form which is not easily accessible to practitioners and students-and
hence producing a bigger gap between research and practice.

The eighties proved to be important years with many significant
contributions. Due to its large economical and environmental impact, flood
frequency analysis remains a subject of great important and interest, and research on
improved methods for obtaining reliable flood estimates has continued into the
nineties, although with different emphasis. In the seventies and eighties much effort
was spent on developing efficient at-site flood frequency procedures. New
distributions and estimation methods were introduced in the hydrologic journals,
some of them developed specifically for flood frequency analysis. It seems that this
tendency has decelerated somewhat at the beginning of the nineties. Researchers are
gradually realizing that the lack of sufficiently long data series imposes an upper
limit on the degree of sophistication that can reasonably be justified in at-site flood
frequency analysis. It has been emphasized by many that instead of developing new
methodologies for flood frequency analysis, effort should be spent on comparing
existing ones and on looking for other sources of information (Potter, 1987; Bobée



etal . 1993) Regionalization is probebly the most viable avenue for improving
flood estanates, and fortunately this seems to be the direction that the researches
have taken m the nimeties.

Before designing a variety of engineering works in water resources planning
and other water related projects, engineers often require flood estimates at a
particular proposed site or project location. Flood volume estimate is very important
m predicting or estimating the return period of rare events such as extreme rainfalls
or preciptation for a site or a group of sites.

The general purpose of frequency analysis is to relate the magnitude of
extreme events to their frequency of occwrence through the use of probability

distnbutions (Chow et al., 1988). The data observed over an extended period of
ume mn a hydrologic system are analyzed in frequency analysis and are assumed to
be independent and identically distributed. Further, it is assumed that the floods
have not been affected by natural or manmade changes in the hydrological regime in
the system.

In practice, the actual probability distribution for both at-site and a regional
data 1s quite unknown. For this study of the East Malaysian states of Sabah and
Sarawak, the data collected is quite short in relation to other countries and began in
the year 1951 for monthly rainfall and only from 1979/1981 for the detailed houry
duration rainfalls. So due to the very limited short data available, it is quite possible
that some output from the analysis might not be that accurate. Hence it is quite
necessary that a more detailed study should be done for better estimates of design
storms based on a more reliable and longer period of data.

With the advancement of computer software, the efficiently quantitative
method for goodness-of-fit such as the probability plot correlation coefficient test
will provide a more reliable output of the existing techniques. And also with the
introduction of the L-moments (Hosking, 1990) numerous researchers have
recommended them to assess the goodness-of-fit of various probability distributions
to data samples of stream flow and precipitation (Chowdhury et al., 1991, Hosking
and Wallis, 1993, Stedinger et al., 1993.



12 Statesseat of Problem

The focus of this study is to determine the most appropriate probability
distribution of extreme rainfall that are best suited to East Malaysia, which
comprises the states of Sabah and Sarawak. For that purpose, the data from the
annual maximum series were chosen and more preferred to be used instead of the
partial duration series by virtue of its simplicity and easier to extract and analyze.

The process of probability fitting involved several steps. The problems of
finding the optimal combination of the best estimation techniques with the most
suitable distribution have actively been discussed over the past couple of decades.
Hosking and Wallis (1993) organized regional frequency analysis into four stages:
(1) Screening of the data; (2) identification of homogeneous region; (3) choice of a
regional probability distribution; and (4) estimation of the regional probability
distribution. Normally, if the final goal is to estimate a regional flood frequency, the
process should proceed from one stage to the next without skipping intermediate
stages. The identification of homogeneous region is normally important for
identifying a regional shape or skew parameter to be used with the regional
estimation procedure. So a comprehensive and global study on this subject matter
will be an enormous task to undertake, and let alone the stochastic nature of the
empirical rainfall data is a big hurdle to overcome along with the spatial and
temporal differences of the region. Because of that, most studies are done locally,
using at-site data and also restricted to a few commonly used distributions.

It should be noted also that despite the availability of rainfall data from either
the Malaysia Meteorological Services Department or the Department of Drainage
and Irmigations Malaysian, a formal study on the probability distribution of annual
extreme rainfall series in East Malaysia has never been conducted. Thus there is an
urgent need for this research to done immediately so that the existing rainfall atlas
can be revised to the latest development.

Regionalization study is also important in determining the spatial and
temporal patterns of rainfall in the region which are directly affected by the

monsoon seasons. The mechanisms, which bring heavy rains to different parts of



the region, should be incorporated into the homogeneity study, which, at the present
moment are very lacking. Unfortunately, this study is not included in the scope of
this report.

13 Study Objectives

The objectives of this study to perform a detailed assessment of various
probability distributions to determine the best distribution model for describing the
extreme rainfall series for East Malaysia. This is important because there is no
formal study on the subject has ever been done and hence the need for it in order to
identify the pattern of distribution for these areas. Apart from that, it is to provide a
bit on theoretical knowledge of spatial and temporal pattern of extreme and monthly
rainfalls in East Malaysia.

14  Scope of Study

The study will be basically a statistical analysis to determine the best
probability distribution that can be applied to East Malaysia based on annual
extreme rainfall series and not from the partial duration series. All the data was
collected from the Malaysia Meteorological Services Department located in Petaling
Jaya, Selangor . The data for the annual maximum series collected was for five
principal stations in Sabah and another five stations for Sarawak. These stations are
located in Labuan, Kota Kinabalu, Kudat, Sandakan and Tawau for Sabah, and
Kuching, Sri Aman, Sibu, Bintulu and Miri for Sarawak. The locations and altitudes

of each station is as shown in Table 1.1 and Figure 1.1 below.



Table 1.1: Pesition and Elevations of Each Principal Stations

Station Latitnde Longitude  Ht above M.S.L (m)
Kuching 1°29°N 110° 20’E 21.7
Sri Aman 1°13°N 111°27°E 9.6
Sibu 2°1S’N 111° S8’E 309
Bintulu 3°12’N 113° 02’E 31
Miri 4°20° N 113° S9’E 17.0
Labuan 5°18'N 115° 15’E 293
Kota Kinabala 5°56’ N 116° 03’E 23
Kndat 6°SS’ N 116° SO’E 35
Tawau 4°16’N 117° S3’E 19.8
Sandakan 5°54N 118° 04’E 103

The study will also be focusing on using the L-moments method for
parameter estimations which is highly recommended by researchers. For the
goodness-of-fit test, the probability plot correlation coefficient (PPCC) will be the
main test considered as well as the other three tests for comparison such as the
relative root mean square error (RRMSE), root mean square error (RMSE) and the
maximum absolute error (MAE).

For the probability distribution, a set of eight probability distributions
commonly used in distribution fitting studies are chosen and they are the two-
parameter Exponential (EXP), Gamma (GAM) and Gumbel (GUM) distributions,
the three-parameter Generalized Extreme Value (GEV), Generalized Logistic
(GLO), Generalized Pareto (GPA) and Pearson Type L1 (PE3) distributions, and the
five-parameter Wakeby (W AK) distribution.
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1.5 Importance and Contribution of the Study

The study is meant to identify the best fitting probability distribution that
best describe the extreme rainfall in East Malaysia and hence can be of great
importance for future practitioners to design for water related structures in both the
states. It is made more important to various authorities in those two states or federal
government because so far there is no formal study on probability distribution of
extreme rainfall series has ever been conducted to cover the whole of East Malaysia.

At the moment, Gumbel has been accepted to be used as a probability
distribution for the whole of Malalysia. This is done so without any research done
on this matter. So with this perception, it is hopefully beneficial to all that the
outcome of this study will contribute to a better knowledge of the rainfall behavior
in East Malaysia

1.6 Layout of Report

This report is presented in six chapters and three appendices. The objectives
and scope of the study are covered in Chapter [, that also including the problem
statement and significant of study. Chapter IT will basically be dealing with
literature review of all the procedures and methods that are in existence. The
methodology, explaining all the methods and procedures that are to be used in this
study are described in details in Chapter III. The case study and analysis of the
probability distribution for this study is discussed in Chapter IV. The results and
discussions based on this analysis are presented in Chapter V. The overall
conclusion of the study and further suggestions for future research are discussed in
Chapter VI. Appendices A will be the summary of all the results from the analysis
while Appendices B will tabulate the data collected from MMS. And lastly
Appendix C is the sample of Fortran routine for computing L-moment parameters
for GEV distribution.
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CHAPTERII

LITERATURE REVIEW

2.1 INTRODUCTION

Fitting a probability distribution for extreme rainfall series is essential in the
design of water-related structures, in agriculture, in weather modification and
monitoring of climatic changes. It is also fundamental to the building of design
storms and hence become the main issue to be discussed in this study.

Since the early studies by the U.S Water Resources Council (“Guidelines”

1967), which recommended the wide-scale adaptation of the Log Pearson Type III
Distribution (LP3) as the base distribution for flood frequency analyses in the USA,
numerous literatures pertaining to the subject matter were discussed and presented in
engineering journals and publications. However, in most of the literatures, if not all,
the involvement of the statistical analysis in the impending investigation cannot be
avoided. The selection of the most suitable distnbution that could provide accurate
estimation of the extreme rainfall has to systematically be performed and analyzed

on the various probability models.

Design of engineering structures often requires estimation of flood of large
return pertods. Some researchers therefore resort to analyzing the larger sample
events, due to the fact that observed data often exhibit two or more segment that
could not fit into one smooth curve. Hence fitting a single function to the whole
data set might lead to errors in choosing distribution, which consequently lead to

errors in the estimation of large return period events.



The small cbservations arc less reievant in flood analysis because they
represent low retrn penods but can have a considerable effect on the esumation of
the cumulative distnbution functions

22 Data Senes

In frequency amalysis, a umque relabonship between a flood magnitude g and
the corresponding recurrence interval 7 is sought  The task is to extract information
from a flow record 1o esumate the relaonship between g and I There are mainly
two types of data senes involved in the frequency modeling. The first and most
frequently used 1s the annual maximum senes (AMS), which, only the maximum or
the peak flow value observed for each vear is extracted to form the empincal data set
with a specific and suitable time interval. However, the use of an AMS senes may
involve some loss of information. For example, the second or third peak within a
year may be greater than the maximum flow in other years and yet they are ignored.
Assuming independence and stationary, a statistical distnbution is fitted to the data
using a given esumation method, and a flood with a specific exceedance probability
can then be inferred from this distnbution. Much of the recent research on at-site
flood frequency procedures has focused on the adequate choice of distnbutions (D)
and esumation methods (E), 1n terminology of Distnbution-Esttmation (D/E)
procedure

Two components have to be considered when evaluating a particular D/E
procedure, mainly the descnptive and predictive ability (Cunnane, 1987). The
former relates to the ability of a distnbution to reproduce selected statistical
charactenstics of the data, in particular the density shape typically expressed by
skewness and kurtosis measures. The predictive ability, on the other hand, refers to
the accuracy, usually measured in terms of bias and mean square error, with which
flood quantiles can be esumated. It is also a relative measure, because it necessitates
an assumption on the true distribution of floods, which in practice is always
unknown. Commonly, it is assumed that the fitted and the parent distnbutions

belong to the same family, and under this assumption, the bias, the root mean square
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error, or some other figure of performance can be computed either analytically or by

simulation.

With the usage of modern technologies, computer software can easily extract
data to give a more accurate scanning over the entire data set to locate the maximum
for a specific time period. However, there is also an argument that the annual
maximum over a certain year is being exceeded by a non-maximum of another year.
This has given rise to another second method of extracting data which produces a
peak over threshold series (POT) or also known as partial duration series (PDS).

POT or PDS is a data series comprising of extreme values that exceed a certain
identified threshold value. Any values that exceed the certain base value one will be
included in the data set. The base is usually selected low enough to include at least
one event in each year. So it is not confined to a single observation for any year but
may be taken as more than one on any or all of the years. This PDS model,
however, is limited by the fact that observations may not be independent (Chow et
al., 1988). According Cunnane (1989), the AMS model is statistically more efficient
than the PDS model when A is small (A < 1.65) where A is the mean number of peaks
per year included in the PDS. The return period 7¢ for a PDS model is related to the
return period T of an AMS model by equation 2.1 (Chow, 1964).

T -1
T, = [lo T—_—l)] 2.1)

The relative difference between Tr and T is greatest for small values of 7 and

converges to 0.5 as T increases.

Research of flood frequency analysis based on partial duration series (PDS)
has in recent years mainly focused on the use of the generalized Pareto (GPA)
distribution for modeling exceedances. Davison and Smith (1990) mention several
advantages of this distribution for use with PDS flood data including the observed

values really display the maximum events that could occur and a certain year might
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have more than once the occurrence of the extreme events and this is something to

look into by the researchers.

However, this method is rarely been used due to the lack of general
guidelines for its application and remains unpopular for design practice. The
problem of deciding on the base value and detainment of the peaks has to be
resolved first. The peak has to be taken from different storm events in order to
preserve independence and it is still unclear for how long an interval should be
inserted in between peaks to determine it. Little has been done to include PDS
models in a regional estimation scheme, and this is perhaps the main reason that
PDS analysis remains less used in practice than the annual flood method. Future
research should focus on developing regional estimation procedures for use with
PDS data. AMS does not have this drawback as the selection of one largest value
per year generally leads to identical and mdependently distributed events.

The usage of AMS is very significant for a design rainfall estimate of longer
return periods of more than 5 years, but the PDS will give a more accurate and
reliable estimate for the shorter return periods of two years or less.

23  Probability Distributions

A probability distribution (PD) is a function representing the frequency of
occurrence of the value of a random variable. By fitting a distnbution to a set of
data, a great deal of the probabilistic information in the sample can be compactly
summarized in the function and its associated parameters.

There are probably fifteen or more of the probability distributions (PDs) that
are generally in used at present moment that falls under several family distributions.
The Normal Family of PDs includes the twa-parameter Normal, three-parameter
Log-Normal and Generalized Normal distributions. Under the Gamma family there
are the two-parameter Gamma, three-parameter Gamma or also known as Pearson
Type HI. The Extreme-value family comprises the Extreme Value Type 1 (EV1),
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Extreme Value Type IT (EV2), Extreme Value Type ITI (EV3) and also the two-
parameter Gumbel. Gumbel was the most popular and widely used distribution for
describing extreme processes in the 1970s. In 1995, the three forms of the extreme
value family, EV1, EV2 and EV3, were combined into a single distribution called
the generalized extreme value (GEV) distribution which is a three-parameter
distribution and hence it is more flexible. When the shape parameter of the GEV is
reduced to zero, then GEV becomes Gumbel. The Weibull also belongs to this
family altheugh it is mere suitable for describing minimum processes and it is
bounded below by zero. Other distributions often used in hydrologicat study include
the various forms the Exponential distribution, the three-parameter Generalized
Logistic and the Generalized Pareto, the four-parameter Kappa, and the five-
parameter Wakeby distribution

As mentioned earlier, the LP3 was recommended by the U .S Water
Resources Council (“Guidelines” 1967), and to be adopted in the United States.
However, re-evaluation study done by Wallis and Wood (1995) has shown that
Generalized Extreme Value or the Wakeby is more suitable to be adopted in the U.S.
In the United Kingdom, the Natural Environmental Research Council (NERC) has
decided on the used of Generalized Extreme Value (GEV) distribution. Other
countries have their own standard distribution to be used for describing flood flow.
The Institute of Engineers in Australia (IEA) has also recommended the LP3. But
recent research has proposed a separate division of Australia into winter and non-
winter rainfall regions. The research concluded that GEV and GPA performed
better than the adopted LP3 at representing flood flow data outside the winter
dominated region. In India, the GPA has been concluded by researchers to be the
best fitting model for central India. The German Weather Bureau (Deutscher
Wetterdienst DWD) applied another way of evaluating extreme rainfall data. Its
target is to provide rainfall statistics for any point within the Federal Republic of
Germany. Hence, rather simple methods were invoked to allow for regionalization
of point rainfall. The Extreme Value Type I (EV1) distribution has been chosen as
the only probability distribution to be used at all stations throughout the country
(Bartels, 1997).
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The study of probability distributions, either fitting hypothetical distribution
or empinical data sets, or investigating of estimation methods, goodness of fit
procedures or merely building tables of critical values which requires simulation of
hypothetical distributions has been and is still being investigated and improved all
over the world, meaning that the process is on going and will never be stopped.

2.4  Probability and Plotting Positions

Maximum floods do not occur with any fixed pattern of time or magnitude,
and the time intervals between floods also vary. The definition of return period is
the average of these inter-event times between flood events (Cunnane, 1989) and
may not involve any reference to probability. Large floods naturally have large
return periods or in another word the tendency of reoccurrence is smaller, and vice-
versa. However, a relationship between the probability of occurrence of a flood and
its return period can be justified. A given flood ¢ with a return period T may be
exceeded once in T years. Hence, the probability of exceedance is P(Qr>q)=1/T.
The cumulative probability of non-exceedance, F(Qg) 1s given by Equation 2.2 :

FQr)= MQ; <4)=1- PO, >)=1-7 22)

Equation 2.2 is the basis for estimating the magnitude of a flood, Or, given
its return period 7. Substituting F(Qr) = 1 - (1/T) in a known statistical distribution
function, the magnitude of Qrcan easily be solved. Normally the data are plotted on
a probability paper to check whether they follow a particular pattern and to detect if
any errors occur. Probability plots require an initial estimate of the probability of
non-exceedance F={F(Qr)}, which is known as a ‘plotting position.” Equation 2.3 is
a formula for plotting position developed by Hosking (1990) :

i-0.35
N

F= i=12,..,N (2.3)

k]
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where,
N = sample size

1 = the rank of the observations in ascending order

Equation 2.3 above is believed to give an acceptable results for some
commonly used three-parameter distributions. Cunnane (1989), have also given

some other formulas that are commonly used for plotting positions as shown in
Table 2.1 below :

Table 2.1 : Commonly Used Plotting Position Formulas

Plotting Formula
Position T F=1-/T
Hazen N i-0.5
m-0.5 N
California o L U
m N
Weibull N+l ’
m N +1
 —0.
Chegodayev N+04 ! 3
m-0.3 N+04
N+0.25 i-0.375
Blom —_— _
m—-0.375 N+025
) N+0.12 i—044
Gringort. _
ngorton m—044 N+0.12
N+02 i-04
Cunnane
m-04 N+02
N =1 i
Adamowski —
owski - N1

Where

i = rank in ascending order =N - m + 1
m = rank in descending order=N—i+ 1

N = number of observations
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25  Probability Plots

One of the most widely used method of determining best fit distnbution is
the probability plots method. The probability plot is a graphical technique for
assessing whether or not a data set follows a given distribution. They are used to
visually evaluate the agreement between distributions and observed data. Observed
data are plotted against the values estimated from the fitted distribution. A straight
line of a 45° slope through the origin should appear if the fitted distribution is the
exact parent distribution. Estimates of the location and scale parameters of the
distnbution are given by the intercept and slope. Probability plots can be generated
for several competing distributions to see which provides the best fit, and the
probability plot generating the highest correlation coefficient is the best choice since
it generates the straightest probability plot.

Another method that is being used widely to determine the best fit
distribution is the correlation coefficient. Associated with the linear fit to the data in
the probability plot is a measure of the goodness of fit. For distributions with shape
parameters (not counting location and scale parameters), the shape parameters must
be known in order to generate the probability plot. For distributions with a single
shape parameter, the probability plot correlation coefficient (PPCC) plot provides an
excellent method for estimating the shape parameter.

Stedinger et al. (1993) has shown that in the case of two-parameter
distributions, a similar procedure may be applied before the parameters are
estimated. For a given two-parameter distribution, the function can be written in the
form of Equation 2 4,

O-a
F=CGl 2% 2.4)
(%)

Where aand f are the the distribution location and scale parameters, respectively,

and thus the estimated quantile may be obtained from Equation 2.5,
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O =a+pG\(F) (2.5)

Equation 2.5 represents a linear relationship between Q and G'(F). Ifthe

estimate of the observed Q is (. then the relationship between the observed Q and
G '(F) should be linear if the fitted distribution is the exact parent distribution.

For two-parameter distributions, G '(F) depends only on F, which can be
estimated by using a suitable plotting position formula (Section 2.4). By plotting the
observed data ¢, against G'/(F), those distributions which give a straight line
relabonship on the probability plot can be selected. A special plotting paper is
prepared in advance so as the relationship between F and Q will appear as a straight
line for each distribution. The values of Q; can be directly plotted on the paper
against the plothng position of F,.

For three-parameter distributions, the function of G "(F) depends on the
skewness coefficient, C,, and probability plots can be used only for a specific value
of predetermined C,. Probability plots, although helpful in choosing between
alternative distributions, suffer from a distinct possibility of error due to large

vanations in the plotting behavior of samples drawn from a given distribution.

2.6 Chi-Square (¥®) Test

The Chi-square test (Snedecor and Cochran, 1989) is used to test if a sample
of data came from a population with a specific distribution. An attractive feature of
the Chi-square goodness-of-fit test is that it can be applied to any univariate
distribution for which you can calculate the cumulative distribution function. The
Chi-square goodness-of-fit test is applied to binned data (i.e. data put into classes).
This is actually not a restriction since for non-binned data you can simply calculate a
histogram or frequency table before generating the Chi-square test. However, the

value of the Chi-square test statistic is dependent on how the data is binned.
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Another disadvantage of the Chi-square test is that it requires a sufficient sample
size in order for the chi-square approximation to be valid

The Chi-square test is an alternative to the Anderson-Darling and
Kolmogorov-Smimov goodness-of-fit tests. The Chi-square goodness-of-fit test can
be applied to discrete distributions such as the binomial and the Poisson. The
Kolmogorov-Smimov and Anderson-Darling tests are restricted to continuous
distnbutions.

For the Chi-square goodness-of-fit computation, the data are divided into &
bins and the test statistic is defined as

12 =:I [Oo ;E:P (2.6)

[

where
O; 1s the observed frequency for bin i
E, 1s the expected frequency for bin .

The expected frequency is calculated by
E, = N[F(Y,)- F(1,)] @7

where
F is the cumulative Distribution function for the distribution being tested,
Y. is the upper limit for class 1,
Y: 1s the lower limit for class 1, and

N 1s the sample size.

This test is sensitive to the choice of bins. There is no optimal choice for the
bin width (since the optimal bin width depends on the distribution). Most
reasonable choices should produce similar, but not identical, results. Data plot uses

0.3*s, where ‘s’ is the sample standard deviation, for the class width. The lower and
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upper bins are at the sample mean plus and minus 6.0%s, respectively. For the Chi-
square approximation to be valid, the expected frequency should be at least 5. This
test is not valid for small samples, and if some of the counts are less than five, you

may need to combine some bins in the tails.

2.7  Anderson-Darling Test

The Anderson-Darling test (Stephens, 1974) is used to test if a sample of
data came from a population with a specific distribution. It is a modification of the
Kolmogorov-Smimov (K-S) test and gives more weight to the tails than does the K-
Stest The K-S test is distnibution free in the sense that the critical values do not
depend on the specific distnibution being tested  The Anderson-Darling test makes
use of the specific distribution in calculating critical values. This has the advantage
of allowing a more sensitive test and the disadvantage that critical values must be

calculated for each distnbution.

The Anderson-Darling test is an alternative to the chi-square and
Kolmogorov-Smimov goodness-of-fit tests. The Anderson-Darling test statistic 1s
defined as :

A*=-N-§ (2.8)

where
S= l_ﬁl(ziT"l)[ln F(r,)+Infl- F(¥,..)] 2.9)

F is the cumulative distribution function of the specified distribution. Note
that the Y, are the ordered data. The critical values for the Anderson-Darling test are
dependent on the specific distribution that is being tested. The test is a one-sided
test and the hypothesis that the distribution is of a specific form is rejected if the test

statistic, 4, is greater than the critical value.
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Note that for a given distribution, the Anderson-Darling statistic may be
multiplied by a constant (which usually depends on the sample size, N). These
constants are given in the various papers by Stephens (1974). This is what should be
compared against the critical values. Take a very particular attention and be aware
that different constants and therefore different critical values have also been
published. You just need to be aware of what constant was used for a given set of
critical values (the needed constant is typically given with the critical values).

28 Kolmogorov-Smirnov Test

The Kolmogorov-Smimmov test is used to decide if a sample comes from a
population with a specific distribution. (Chakravarti et al., 1967). It is based on the
empirical distribution function (EDF). Given N ordered data points Y}, Y, ... Yn,
the EDF is defined as

E, = ”(7’) (2.10)

where n(i) is the number of points less than Y; and the Y; are ordered from smallest to
largest value. This is a step function that increases by 1/N at the value of each
ordered data point.

Figure 2.1 below is a plot of the empirical distribution function with a
normal cumulative distribution function for 100 normal random numbers. The K-S

test is based on the maximum distance between these two curves.

An attractive feature of this test is that the distribution of the K-S test statistic
itself does not depend on the underlying cumulative distribution function being
tested. Another advantage is that it is an exact test (the Chi-square goodness-of-fit

test depends on an adequate sample size for the approximations to be valid).
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Despite these advantages, the K-S test has several important limitations:

L It only applies to continuous distributions.

11 It tends to be more sensitive near the center of the distribution than at the
tails.

1. Perhaps the most serious limitation is that the distribution must be fully
specified. That is, if location, scale, and shape parameters are estimated
from the data, the critical region of the K-S test is no longer valid. It
typically must be determined by simulation.

100 NORMAL RANDOM NUMBERS
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Figure 2.1 : Graph of Empirical Distribution Function Vs Normal

Cumulative Distribution Function
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Due to limitations 2 and 3 above, many analysts prefer to use the Anderson-
Darling goodness-of-fit test. However, the Anderson-Darling test is only available
for a few specific distributions.

The Kolmogorov-Smimov test statistic is defined as
D=ma.|F Y )- d 2.11)
v ¥)-- (

where,

F is the theoretical cumulative distribution of the distribution being tested
which must be a continuous distribution (i.e., no discrete distributions such as the
binomial or Poisson), and it must be fully specified (i.e., the location, scale, and
shape parameters cannot be estimated from the data).

The hypothesis regarding the distributional form is rejected if the test
statistic, D, is greater than the critical value obtained from a table. There are several
vanations of these tables in the literature that use somewhat different scaling for the
K-S test statistic and cnitical regions. These alternative formulations should be
equivalent, but it is necessary to ensure that the test statistic is calculated in a way

that is consistent with how the critical values were tabulated.

29  The Probability Plot Correlation Coefficient (PPCC)

The probability plot correlation coefficient (PPCC) plot is a simple but
powerful goodness-of-fit test developed by Filliben (1975). The test uses the
correlation r between the ordered observations x, and the corresponding fitted
quantiles w, = G™'(1 - g, ), determined by plotting positions g, for each x,. Values

of r near 1.0 suggest that the observations could have been drawn from the fitted

distribution. Essentially, » measures the linearity of the probability plot, providing a
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quantitative assessment of fit. If x denotes the average value of the observations
and w denotes the average value of the fitted quantiles, then

[Z(I, ‘EXW. —W)]
Z(X‘ ‘E)ZE(W; —W)ZJ

(2.12)

Generally the PPCC plot is generated using the following procedures. For a
series of values for the shape parameter, the correlation coefficient is computed for
the probability plot associated with a given value of the shape parameter. These
correlation coefficients are plotted against their corresponding shape parameters and
the maximum correlation coefficient corresponds to the optimal value of the shape
parameter. For better precision, two iterations of the PPCC plot can be generated,;
the first is for finding the right neighborhood and the second is for fine tuning the
estimate.

The PPCC plot is used first to find a good value of the shape parameter. The
probability plot is then generated to find estimates of the location and scale

parameters and in addition to provide a graphical assessment of the adequacy of the
distributional fit.

Apart from finding a good choice for estimating the shape parameter of a
given distribution, the PPCC plot can be useful in deciding which distributional
family is most appropriate. For example, given a set of reliability data, you might
generate PPCC plots for a Weibull, lognormal, gamma, and possibly others, on a
single page. This one page would show the best value for the shape parameter for
several distributions and would additionally indicate which of these distributional
families provides the best fit (as measured by the maximum probability plot
correlation coefficient). That is, if the maximum PPCC value for the Weibull 1s 0.99
and only 0.94 for the lognormal, then we could reasonably conclude that the Weibull

family is the better choice.

When comparing distributional models, the maximum PPCC value should

not be simply chosen. In many cases, several distributional fits provide comparable
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PPCC values. For example, a lognormal and Weibull may both fit a given set of
reliability data quite comfortably. Typically, we would first consider the complexity
of the distribution, that is, a simpler distribution with a marginally smaller PPCC
value may be preferred over a more complex distribution. Likewise, there may be
theoretical justification in terms of the underlying scientific model for preferring a
distnbution with a marginally smaller PPCC value in some cases. In other cases, we
may not need to know if the distributional model is optimal, only that it is adequate
for our purposes. That is, we may be able to use techniques designed for normally
distnbuted data even if other distributions fit the data somewhat better.

Many statistical analyses are based on distributional assumptions about the
population from which the data have been obtained. However, distributional
families can have radically different shapes depending on the value of the shape
parameter. Therefore, finding a reasonable choice for the shape parameter is a
necessary step in the analysis. In many analyses, finding a good distributional
model for the data is the primary focus of the analysis. In both of these cases, the
PPCC plot is a valuable tool.

2.10 Theory of L-Moments

L-Moments are analogous to the conventional moments but are estimated by
linear combinations of an ordered data set called L-statistic. L-Moments have a
theoretical advantage over conventional moments of being able to charactenzed a
wider range of distributions and, when estimated from a sample, of being more
robust to the present of outliers in the data. L-Moments and probability weighted
moments (PWM) are analogous to ordinary moments in that their purpose is to
summarize theoretical probability distributions and observed samples. Similar to
ordinary product moments, L-Moments can also be used for parameter estimation,

interval estimation and hypothesis testing.

Although the theory and application of L-Moments are parallels to those of

the conventional moments, but L-Moments have several important advantages. The
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L-Moments ratio diagram, being a graphical analyses of distribution fitting, has an
advantage of being able to compare fitting of several distributions in a single
graphical diagram (Vogel et al , 1993). It compares sample estimates of the
coefficient of vanance t,, skewness T3, and kurtosis t, with their theoretical
counterparts for a range of distributions.

Since sample estimators of L-Moments are always linear combinations of the
ranked observations, they are subjected to less bias than ordinary product moments.
The reason is that ordinary product moments estimators such as skewness and
kurtosis requires squaring and cubing observations, which causes them to give

greater weights to the observations far from the mean, resulting in substantial bias
and vanance.

2.10.1 L-moment Ratio Diagram

The theoretical L-Moments ratio diagram is constructed by first calculating
the L-moments of the theoretical distributions, and then the values of 13 versus t4 for
each distnbution are plotted. Next step is to identify the L-Moments ratio of the
samples and the values of 1; versus t4 for every station is plotted onto the theoretical

L-Moments ratio diagram. The best approximation to the distribution of observed
data 1s chosen from the plot.

The following equations will give the values of several distributions:

772 =0.1224 +0.301152 +0.958127; —0.574887; +0.193837; (2.13)

5 = h-sl2- )a 102(3‘))- 54 )] (2.14)
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